In this paper, two computationally efficient techniques viz. Differential Quadrature Method (DQM) and Differential Transformation Method (DTM) have been used for buckling analysis of Euler-Bernoulli nanobeam incorporation with the nonlocal theory of Eringen. Complete procedures of both the methods along with their mathematical formulations are discussed, and MATLAB codes have been developed for both the methods to handle the boundary conditions. Various classical boundary conditions such as SS, CS, and CC have been considered for investigation. A comparative study for the convergence of DQM and DTM approaches are carried out, and the obtained results are also illustrated to demonstrate the effects of the nonlocal parameter, aspect ratio (L/h) and the boundary condition on the critical buckling load parameter.
Introduction
Implementations of nanomaterials are increasing significantly in various field of engineering and nanotechnology because of their peculiar properties [1] . Due to these properties, nanomaterials are considered as the most suitable material in various nano-electromechanical systems. These materials are mainly nanowires, nanoparticles, nanoribbons, nanotubes, and nano-electrical systems include nanoprobe, nanotube resonators [2] , nanoactuators [3] , and nanosensors, etc. One may find several applications of CNT reinforced structure in the literature [4] [5] [6] [7] [8] [9] [10] . Nanostructural elements may buckle when compres-*Corresponding Author: S. Chakraverty: Department of Mathematics, National Institute of Technology, Rourkela-769008, India; Email: sne_chak@yahoo.com Subrat Kumar Jena: Department of Mathematics, National Institute of Technology, Rourkela-769008, India; Email: sjena430@gmail.com sive in-plane loads are applied on it, and surface stress itself has the property to induce buckling of a nanobeam with large deformation. So, it is very essential to determine the buckling characteristics of the nanobeams for the proper design of nanobeams. To the best of the present author's knowledge, the article provides first time a comparatively study for computing critical buckling parameters by using DQM, and DTM approaches based on EulerBernoulli beam theory. Accordingly, literature related to such problems using various methods have also been described in the next section.
Development of DQM
Bellman and Casti [11] for the first time introduced an efficient method namely Differential quadrature method (DQM). One may use this technique for solving linear and nonlinear problems arising from many physical model of science and technology. The main idea of this technique is that derivatives of any function at a particular point can be approximated by a linear combination of the functional values within a closed domain. Bert et al. [12] for the first time adopted this procedure to structural problems. After that, this technique becomes very popular among the researchers for solving numerous complicated problem associated with structural dynamics. Different authors tried to develop many approaches to handle boundary conditions smoothly. In this regards, Jang et al. [13] proposed δ technique to implement boundary conditions. In this approach [14] , one boundary condition is used at the edge point while other is implemented at a distance δ from the edge point. But, this approach has two downsides. The use of boundary condition at the δ is not always exact which makes the solution less appropriate and more accurate numerical solutions can be obtained for the smaller value of δ. Secondly, reducing the value of δ makes the solutions very unstable and it oscillates because of illconditioned weighting coefficient matrices. This is why the δ approach is significant to handel clamped end only. In order to eliminate this downside, Bert further came with a new approach for the implementation of boundary conditions which are available in the literature [15] [16] [17] [18] [19] . The main change in this approach is that only one boundary condition is used in one edge, and other edge is converted into the a matrices namely weighting coefficient matrices. Khaniki and Hosseini-Hashemi [20] uesd generalized differential quadrature method to analyze buckling behaviour of tapered nanobeams. One may also refer [21] where using the generalized differential quadrature method is used to study buckling analysis of nonuniform beams. Khaniki and Hosseini-Hashemi [22] investigated vibration characteristics of nonuniform nonlocal beams using nonlocal strain gradient theory. Tornabene et al. [23] extensively surveyed finite element method based differential quadrature method.
Development of DTM
DTM is a semi analytical-numerical technique which is mainly based on the idea of Taylor series expansion. Taylor series expansion method requires the computation of higher order derivatives which is not possible always where as differential transform method is based on iterative procedures. Zhou [24] proposed this technique in 1986 for solving linear and nonlinear initial value problems associated with electrical circuits. Chen and Ho [25] used this method for solving partial differential equations, and Ayaz [26, 27] solved initial value problem for partial differential equations by using two and three-dimensional DTM. Arikoglu and Ozkol [28] used this method to study integrodifferential equations. Further DTM technique has also been implemented to study rotating beam problems which are found in the literature [29] [30] [31] . Pradhan and Reddy [32] investigated buckling analysis of single-walled carbon nanotube on Winkler foundation using DTM. Nonlocal vibration analysis of functionally graded nanobeams was investigated by Ebrahimi et al. [33] using DTM. Also one can see [34] for flexural vibration of size-dependent functionally graded nanobeams is analyzed by differential transform method.
Problem Formulation
This investigation has been carried out on the EulerBernoulli beam in conjunction with Eringen [35] nonlocal theory of elasticity. From Hamilton's principle, the equation of motion of Euler-Bernoulli nanobeam for buckling can be written as [36] 
For a one dimensional elastic material, nonlocal elasticity theory of Eringen [35] may be rewritten as
Multiplying Eq. (2) by zdA and integrating over A, the nonlocal constitutive relation for EBT may be expressed as
On simplifying and using Eq. (1) in Eq. (3), we may get
Plugging Eq. (4) in Eq. (1), we may have
After expansion, governing equation in terms of displacement is given as below.
where y is the transverse displacement, EI is the bending rigidity, N is the applied axial compressive force and µ = (e 0 a) 2 is the nonlocal parameter.
Non-dimensional form of governing equation
Following non-dimensional terms have taken for the present study:
By using the above-nondimensionalized forms, governing differential equation of Euler-Bernoulli beam theory is given by
Based on the above equation, solution of Euler-Bernoulli beam has obtained using Differential Quadrature Method (DQM) and Differential Transformation Method (DTM). For the sake of completeness, a brief review of DQM and DTM is presented here.
Numerical formulations
In this section numerical procedures of DQM and DTM have been presented below to obtain the generalized eigenvalue problem for buckling analysis of EulerBernoulli nanobeam.
Differential Quadrature Method (DQM)
The derivatives of any function Y(X) at a given point i can be approximated as
where i = 1, 2, . . . , N and N is the number of discrete grid points.
Here a ij , b ij , c ij and d ij are the matrices associated with the first, second, third and fourth derivatives respectively namely weighting coefficients matrices.
Determination of weighting coeflcients
Computation of the weighting coefficient matrix a = (a ij ) is the key step in the DQ method. In the present investigation, we have used Quan and Chang's [37] approach to compute weighting coefficients a ij . As per this approach, matrix a = (a ij ) may be computed by the following procedure.
For i ≠ j
for i = j
These X i ′ s are Chebyshev-Gauss-Lobatto grid points which are given as below.
Once weighting coefficients associated with first-order derivatives are computed, weighting coefficients of higher order derivatives can be obtained easily by simple matrix multiplication as follows
Application of boundary conditions
Let us now denote
Simply supported-Simply supported
Clamped-simply supported:
Clamped-Clamped:
Plugging the value of Eq. (8) into Eq. (7), one may obtain generalized eigenvalue problem as
where S is the stiffness matrix and T is the mass matrix.
Differential transformation method (DTM)
The differential transformation of an analytic function f (x) in a domain D at a point x = x 0 can be expressed by a power series with center is at x 0 as given below.
where f (x) is the function to be transformed and F (k) is the transformed function. The inverse transformation is defined as
Adding both the equations (15) and (16), we may have
In actual applications, the function f (x) is expressed by a finite series and equation (17) can be written as follows
For basic operations of DTM on various function as well as boundary conditions, one may refer Özdemir and Kaya [31] . 
Original function Transformed function
f (x) = g(x) ± h(x) F(k) = G(k) ± H(k) f (x) = λg(x) F(k) = λG(k) f (x) = g(x)h(x) F(k) = k ∑︀ l=0 G(l)H(k − l) f (x) = d n g(x) dx n F(k) = (k+n)! k! G(k + n) f (x) = x n F(k) = δ(k − n)
DTM formulation and solution procedure
Using DTM and referring to Table 1 , the dimensionless governing equation of motion (Eq. (7)) is transformed into the following equation
If the above equation is rearranged, a recurrence relation can be obtained as
Then boundary conditions can be written as in Table 2 . Let us now consider particular case, say, of a C-S beam, having the x = 0 edge as clamped and x = 1 edge as simply supported. By performing DTM to this boundary condition, with origin chosen at the clamped end, we may have
At the simply supported end, that is, at x = 1, we also have
By using the clamped boundary condition that is Eq. (20) in recurrence relation Eq. (19) , it can be seen that Y(k) is a linear function of Y (2) . Now simply supported end boundary condition that is Eq. (21) can be written in matrix form as One may obtain the value of n from the following identity;
Where λ n i is the estimated eigenvalue corresponding to n and λ n−1 i is the i th estimated eigenvalue corresponding to n − 1. We will get i th eigenvalue λ i after Eq. (24) is satisfied.
Numerical results and discussions
MATLAB program is developed to obtain the numerical results by solving Eq. (14) and Eq. (22) . The DQM and DTM have been employed, and the boundary conditions are implemented. In this study following parameters are considered for the computation purpose: E=1TPa, L = 10 nm, h = 1nm, d=1 nm.
Convergence of DQM and DTM approach
In this subsection, a convergence study is carried out for both DQM and DTM approach. From table 3 and Figure 1 , one may observe that critical buckling load parameters by DQM converge faster than DTM. Also one may notice that critical buckling load parameters of SS end converge faster in each method whereas it takes more number of terms in the case of CC end. Moreover, DQM takes 10 grid points for converging of all B.C.s whereas DTM requires 24 terms for the same. In this case, has been taken as 1 nm and L/h = 10. 
Validation
Validations of both DQM and DTM approaches are accomplished by comparing the obtained results with that available in the literature [38] . For this purpose, the same parameters are used as in Ref. [38] . Comparison of the critical buckling load parameters for SS, CS and CC nanobeams have been depicted in Table 4 for different value of (e 0 a). In this case aspect ratio (L/h) has been taken as 10.
Small scale effect
The importance of the small scale coefficient is discussed in this subsection, Small-scale effect is mainly dealt with the response of buckling load ratio with scale coefficient (e 0 a). Buckling load ratio is defined as N 0 cr obtained using the nonlocal theory and N 0 cr obtained using local theory. This buckling load ratio is very essential to estimate the small scale effect on the buckling solution. Response of the buckling load ratio with scale coefficient (e 0 a) is depicted in Figure 2 and Table 5 
Effect of boundary conditions
Boundary conditions is essential in designing any engineering structures. It helps designers to acquire an idea without carrying out a much detailed investigation. Therefore, analysis of the boundary conditions is essential. In this subsection, the effect of the boundary condition on the critical buckling load parameter is analyzed which is demonstrated in Figure 3 . This variation of the critical buckling load parameter with the scale coefficient for different boundary conditions is considered with L = 10 nm. One may observe from the figure that CC nanobeam possesses the highest critical buckling load parameter whereas SS nanobeams have the lowest critical buckling load parameter.
Effects of the aspect ratio (L/h)
Aspect ratio also plays a significant role in the design of engineering structures. To study the aspect ratio (L/h) on the critical buckling load parameter, the variation of the critical buckling load parameter with L/h has been depicted in Figure 4 . The results are shown for scale coefficients 1 nm. It may be noted that the critical buckling load param- eter decreases with increase in L/h which may be seen in Table 6 for the boundary conditions SS, CS, and CC. 
Concluding Remarks
Buckling analysis of Euler-Bernoulli nanobeams based on nonlocal theory has been carried out by DQM and DTM.
Convergence of DQM and DTM approaches are carried out, and it is observed that former one converges more rapidly than later one. Tabular and graphical results are explored to illustrate the response of the nonlocal parameter, L/h and the boundary condition on the critical buckling load parameter. One may observe that the critical buckling load parameter decreases with increase in the nonlocal parameter. It may also be noticed that CC nanobeams have higher buckling loads than the other types of boundary conditions. Further, we can extend this approach to investigate critical buckling parameter of curved structures like vaults, domes, and barrels arising in various engineering problem by this two computationally efficient techniques viz. Differential Quadrature Method (DQM) and Differential Transformation Method (DTM) because of their high efficiency and accuracy.
